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Direct numerical simulations (DNSs) of spatially developing turbulent boundary layers (TBLs) over 
two-dimensional (2D) rod-roughened walls and three-dimensional (3D) cuboid-roughened walls are 
conducted to investigate the effects of the roughness height on the flow characteristics in the outer layer. 
The rod elements are periodically aligned along the downstream direction with a pitch of px/θin = 12, 
and the cuboid elements are periodically staggered with a pitch of px/θin = 12 and pz/θin = 3, where px 
and pz are correspondingly the streamwise and spanwise pitches of the roughness and θin is the 
momentum thickness at the inlet. The first surface roughness is placed 80θin downstream from the inlet, 
leading to a step change from a smooth to rough surface. The rod and cuboid roughness height (k) is 
varied in the range of 0.1 ≤ k/θin ≤ 1.8 (13 ≤ δ/k ≤ 285), respectively (δ is the boundary layer thickness), 
and the Reynolds number based on the momentum thickness (θ) is varied in the range of Reθ = 300 ~ 
1400. For each case, the self-preservation form of the velocity-defect and the turbulent Reynolds 
stresses is achieved along the downstream direction. As the roughness height increases, the roughness 
function (ΔU+) extracted from the mean velocity profiles increases, although the velocity-defect profiles 
for the rough-wall cases show good agreement with the profile from the smooth-wall case. The 
magnitude of the Reynolds stresses in the outer layer increases with an increase of k/δ. The outer layer 
similarity between the flows over the smooth- and rough-walls is found when δ/k ≥ 250 and 100 for the 
2D rod and 3D cuboid, respectively. The continuous increase of the Reynolds stresses in the outer layer 
with an increase of k/δ is explained by a large population of very long structures over the rough-wall 
flows. Because the characteristic width of the structures increases continuously with an increase of k/δ 
for the rod and cuboid roughness, a wide width of the structures leads to frequent spanwise merging 
between adjacent structures. The active spanwise merging events with an increase of k/δ increase the 
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Townsend (1976) stated that surface roughness only exerts a direct influence on the turbulence within 
a few roughness heights of the wall, and the roughness effects vanish away from the wall (hereafter, 
Townsend’s wall-similarity). Raupach et al. (1991) and Jiménez (2004) proposed that if the roughness 
height is relatively low compared to the boundary layer thickness with a criterion of δ/k ≥ 40, the 
interaction between the inner layer and outer layer is very weak at a high Reynolds number. In a number 
of studies of turbulent boundary layers in the presence of significant topographical 3D complexity of 
the surface roughness, the establishment of the Townsend’s wall-similarity have been shown in the outer 
layer (Akinlade et al. 2004; Flack et al. 2005; Schultz & Flack 2007; Wu & Christensen 2007, 2010; 
Mejia-Alvarez et al. 2014; Squire et al. 2016, 2017). In an experimental study of TBLs with sandpaper 
and mesh roughness for a wide range of roughness sizes (δ/k = 16 ~ 110), Flack et al. (2007) found that 
the roughness effects are confined to a roughness sublayer defined as 5k or 3ks irrespective of the height 
of the 3D irregular roughness.  
Contrary to earlier studies of turbulent boundary layers over 3D irregular surface roughness, many 
numerical and experimental studies of TBLs with 2D roughness elements (i.e., rod roughness) have 
reported the existence of roughness effects in the outer region (Krogstad & Antonia 1999; Lee & Sung 
2007; Volino et al. 2009, 2011). Lee & Sung (2007) conducted a DNS study in a TBL with 2D rod 
roughness (δ/k = 20) and showed that the roughness effect exists in the outer region. In addition, in an 
experimental study, Volino et al. (2009) showed that the rod roughness (δ/k = 32) affects the outer flow 
significantly due to large-scale turbulent structures induced by the surface roughness. Krogstad & 
Antonia (1999) conducted an experiment in a turbulent boundary layer with a circular rod-roughened 
wall (δ/k = 47). Despite the fact that the criterion of the roughness height for the outer layer similarity 
is satisfied (δ/k ≥ 40), they found that the surface roughness significantly affects the turbulent energy 
production and diffusion in the outer region. Volino et al. (2011) performed an experiment using a 
smaller surface roughness with δ/k = 160 compared to that in their previous study, and they also found 
the roughness effects on the outer flow, indicating that the criterion for outer layer similarity is not 
universal. Even for TBLs at a high Reynolds number, the surface roughness effect of the 2D roughness 
have also been found (Efros & Krogstad 2011; Krogstad & Efros 2012). Although Efros & Krogstad 
(2011) stated that the profiles of the Reynolds shear stress between rough and smooth-walls in the outer 
regions of turbulent boundary layers are similar at a high Reynolds number, the profiles in the outer 
layer over the rough-wall observed 10 ~ 30% larger values than that over a smooth-wall.  
Even for turbulent boundary layers over 3D cube roughness, a general consensus has been pertained 
to the failure of the wall-similarity in the outer layer (Reynolds & Castro 2008; Lee et al. 2011, 2012; 
Ahn et al. 2013; Nadeem et al. 2015). In an experimental study over 3D cube-roughened wall with a 
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relatively large roughness height (δ/k = 28) conducted by Volino et al. (2011), they showed that the 
surface roughness induce large modifications in the spatial correlations of the outer turbulence. 
Furthermore, a numerical study by Lee et al. (2011) with 3D cube roughness elements (δ/k = 17) 
reported the effects of the surface roughness in the outer region based on the profiles of Reynolds stress, 
and they attributed these effects to the long streamwise extent of the arranged surface elements and the 
square planes of the roughness, which lead to strong blockage effects that create active upward motions. 
In a very recent experimental study by Placidi & Ganapathisubramani (2018) with LEGOTM bricks of a 
uniform height (δ/k = 10), they also observed a lack of outer layer similarity using the Reynolds shear 
stress profiles. It should also be noted that the experimental studies by Cheng & Castro (2002b) and 
Schultz & Flack (2005) showed wall-similarity in the outer layer between rough and smooth-walls in 
TBLs with staggered arrays of cubes (δ/k = 12) and uniformly arrayed spheres (δ/k = 30). However, 
several differences were readily apparent in their Reynolds stress profiles.  
In the present study, DNSs of spatially developing TBLs over 2D rod-roughened walls and 3D 
cuboid-roughened walls are performed to investigate the effects of the roughness height on the flow 
characteristics. Although wall-similarity in the outer layer has not been observed in TBLs even with a 
small roughness value and at a high Reynolds number, a question is raised as to whether or not a critical 
roughness height for the outer layer similarity exists in a flow over square-edged surface roughness 
elements. The rod and cuboid roughness heights are varied systematically in the range of 13 ≤ δ/k ≤ 285 
at a similar Reynolds number (Reθ ≈ 1050), although the width of the roughness is fixed. First, we 
analyze the variations of the boundary layer parameters along the downstream direction to provide a 
useful means of characterizing the state of the flow development of the boundary layer over rough-
walls. In addition, because smooth-wall inflow data is imposed at the inlet (leading to a step change 
from a smooth to a rough surface 80θin downstream from the inlet), the downstream positions at which 
the flows reach new equilibrium states over the rough-walls are estimated as a function of the roughness 
height. Profiles of the mean velocity, Reynolds stresses and each quadrant Reynolds shear stress over 
the rough-walls are then compared with those of a smooth-wall to identify the establishment of wall-
similarity in the outer layer. Finally, instantaneous and statistical analyses to document the modified 
turbulent structures are conducted to explain the possible cause of the increase in the turbulent activity 




2. Numerical method 
2.1 Numerical procedure 
For an incompressible flow, the non-dimensional governing equations are 
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where xi represents the Cartesian coordinates and ui denotes the corresponding velocity components. 
All variables are non-dimensionalized by the free-stream velocity (U∞) and the momentum thickness at 
the inlet (θin), and the Reynolds number is defined as Reθin = U∞θin/ν. Based on a fractional-step method 
with the implicit velocity-decoupling process (Kim et al. 2002), the governing equations are integrated 
in time. Both velocity-pressure decoupling using a block lower-upper (LU) decomposition and the 
additional decoupling of intermediate velocity components are achieved through approximate 
factorization. In this approach, the temporal terms are discretized using the second-order Crank-
Nicholson method, and the coupled velocity components are resolved without iteration. All terms are 
resolved using a second-order central-difference scheme in space with a staggered mesh. In order to 
describe the surface roughness, the immersed boundary method suggested by Kim et al. (2001) is 
employed. The momentum forcing is explicitly computed to satisfy the no-slip condition at the 
roughness surface. The detailed numerical method are identical to those from our previous DNS studies 
in turbulent boundary layers over 2D rod and 3D cube roughness (Lee & Sung 2007; Lee et al. 2011). 
2.2 Flow configuration 
A schematic of the computational domain and roughness configurations are shown in figure 1(a). Here, 
x, y and z indicate the streamwise, wall-normal and spanwise coordinates, respectively, and u, v and w 
correspondingly indicate the streamwise, wall-normal and spanwise velocity components. Since the 
boundary layer is spatially developing in the streamwise direction, a non-periodic boundary condition 
should be employed in the downstream direction. Also, an auxiliary simulation for the inlet boundary 
condition of a TBL flow is conducted based on the method proposed by Lund et al. (1998). Although 
not shown here, a direct comparison of the mean velocity and root-mean-square of the velocity 
fluctuation profiles at Reθ = 300 show good agreement with the DNS data of Spalart (1988), where θ is 
the momentum thickness. In addition, since it is difficult to generate accurately turbulent inflow data 
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for a rough-wall TBL, a DNS for a TBL over a rough-wall should use a laminar Blasius velocity profile 
at the inlet or a smooth-wall inflow data. This leads to a significant step change in the surface condition 
from a smooth- to a rough-wall. Here, the first roughness element is positioned at 80θin downstream 
from the inlet, which is defined as x = 0. A sufficiently long streamwise domain is used to achieve a 
new equilibrium state, resulting in self-preservation of a TBL within the computational domain. The 
computational domain sizes were confirmed to be appropriate based on the convergence of the two-
point spatial correlation to zero for half of the computational domain on the horizontal plane. The no-
slip boundary condition is applied at the bottom wall and the boundary conditions on the top surface of 
the computational domain are u = U∞ and ∂v/∂y = ∂w/∂y = 0. The spanwise boundary condition is 
periodic boundary condition. A non-uniform wall-normal grid distribution is employed with a 
hyperbolic-tangent function. In both the streamwise and spanwise direction, uniform grid distributions 
are used. 
The roughness configurations for TBLs over the rod- and cuboid-roughened walls with a width of 
w/θin = 1.5 are shown in figures 1(b) and (c). Because the rod elements have a maximum roughness 
function (∆U+) when the roughness height is k/θin = 1.5 (Lee et al. 2012), the rod roughness are arranged 
periodically in the streamwise direction with a streamwise pitch of px/θin = 12. For comparing the flow 
characteristics, the downstream spacing of the 3D cuboid roughness element is same with that of 2D 
rod roughness element. However, the cuboid roughness elements are arranged with a staggered 
arrangement with a spanwise pitch of pz/θin = 3 (Lee et al. 2011). Although this roughness element with 
the fixed px/θin leads to variation of the streamwise spacing with varying the roughness height, the  
Figure 1 (a) Schematic of the computational domain and (b-c) roughness configurations for (b) a 2D 





Table 1 Domain Sizes and Mesh Resolutions 
 
roughness density (λp = roughness area / total area) is constant for the 2D and 3D cases, which is an 
important parameter that affects the flow characteristics (Leonardi & Castro 2010; Ahn et al. 2013). In 
Table1, the domain sizes and mesh resolutions are summarized. In the present study, the simulation 
names in the first column denote the dimension of the roughness type and second column indicate the 
roughness height; for example, 2DK15 indicates the case of 2D rod-roughened wall with a surface 
roughness height of 1.5θin. The wall-normal distance from the virtual origin is defined as yʹ = y – ε. For 
scrutiny of the turbulent statistics and structure, four downstream locations (I-IV) within a one pitch are 
indicated. In case of the 2D rod roughness, I is located at the center of the roughness crest and II is 
located at the center of two adjacent rods in the streamwise direction. III is located at three quarters of 
the roughness pitch and IV is located in front of the leading edge of the roughness. For the 3D cuboid 
























- - 1536 60 80 4097,150,257 10.2 4.2 0.14 0.1 
2DK01 
0.1 12 1536 60 80 4097,150,257 5.2 4.3 0.14 0.1 
2DK03 
0.3 12 1536 60 80 4097,150,257 5.5 4.3 0.15 0.1 
2DK05 
0.5 12 1536 60 80 4097,150,257 5.8 4.5 0.15 0.1 
2DK07 
0.7 12 768 60 80 2049,150,257 6.7 5.5 0.18 0.1 
2DK11 
1.1 12 768 60 80 2049,150,257 8.0 6.7 0.21 0.1 
2DK15 
1.5 12 768 60 80 2049,150,257 8.9 7.4 0.24 0.1 
2DK18 
1.8 12 768 60 80 2049,150,257 9.3 7.7 0.25 0.1 
3DK01 
0.1 12 1250 60 96 2500,150,513 6.9 2.6 0.14 0.1 
3DK03 
0.3 12 1250 60 96 2500,150,513 7.0 2.6 0.14 0.1 
3DK05 
0.5 12 1250 60 96 2500,150,513 7.4 2.8 0.15 0.1 
3DK07 
0.7 12 1250 60 96 2500,150,513 7.5 2.8 0.15 0.1 
3DK11 
1.1 12 768 60 96 2049,150,513 6.1 3.1 0.16 0.1 
3DK15 
1.5 12 768 60 96 2049,150,513 7.3 3.6 0.19 0.1 
3DK18 
1.8 12 768 60 96 2049,150,513 7.5 3.7 0.2 0.1 
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two adjacent cuboids in the spanwise direction.  
In the present study, time- and spatially averaging in the spanwise direction are employed to obtain 
converged turbulent statistics for the 2D rough- and smooth-walls. The turbulent statistic for the 3D 
rough-walls are obtained by temporally and phase-averaging in the spanwise direction. A bracket   
and capital letters (e.g., U) indicate temporally- and spatially-averaged statistics. The velocity 
fluctuations (e.g., uʹ) are defined as uʹ= u − U. The superscript + denotes normalization of the mean 






3. Turbulent statistics 
3.1 Scaling parameter 
In order to deliver similarity of the mean profiles or comparing flow generated under different 
conditions, the appropriate scaling parameter should be considered. Figures 2(a-c) shows the variations 
of the skin frictional drag (1/2Cf), form drag (Pd) and friction velocity (Uτ) along the downstream 
direction. For simplicity, the data with the roughness heights of k/θin = 0.1, 0.3, 0.7 and 1.5 are only 
depicted. The scaling parameters are spatially averaged over one pitch for each roughness cases (i.e., 
px/θin = 12 for a rod roughness, px/θin = 12 and pz/θin = 3 for a cuboid roughness). The skin frictional drag 
and form drag are directly computed by the wall pressure and wall shear stress. The magnitudes of the 



































Figure 2 Variations of the spatially averaged (a) skin frictional drag (1/2Cf), (b) form drag (Pd), (c) 





















walls. In particular, in cases of large 2D rod roughness (i.e., 2DK07 and 2DK15), the skin frictional 
drag is negative over the rough-walls due to the presence of a large recirculation region with two 
vortices within the cavity (Lee & Sung 2007). However, in case of the large 3D cuboid roughness, the 
skin frictional drag is still positive due to the presences of the recirculation within the cavity is confined 
to the front of the cuboid and the flow within the cavity moves parallel to the streamwise direction 
(Coceal et al. 2007; Lee et al. 2011). In figure 2(b), as the magnitude of k/θin increases, the value of Pd 
increases continuously. Since the blockage effects are relatively weak for cuboids roughness compared 
to that for rod roughness, the magnitude of the form drag for the 3D cuboid roughness is lower than that 
for the 2D rod roughness. The frictional velocity in figure 2(c) is directly computed from the total drag 
of the form drag and skin frictional drag. The frictional velocity for TBLs over the rough-walls appears 
to converge to a nearly constant at approximately after x/θin > 300. Furthermore, the frictional velocity 
for a relatively large 3D roughness cases (i.e., k/θin ≥ 0.7) is much smaller than those for the 
corresponding 2D rod roughness cases because of a large contribution of the form drag.  
The variations of the virtual origin normalized by the roughness height (ε/k) over TBLs along the 
downstream direction are shown figure 2(d). The virtual origin is computed by defining M as the 





M P y C k

  , resulting in ε = M / (Cf + 
Pd) as reported by Jackson (1981). The virtual origin approaches almost half of the roughness height 
for a large roughness (i.e., k/θin ≥ 0.7). However, as the roughness height decreases, the magnitude of 
ε/k increases to approximately 0.6 for k/θin = 0.3 and 0.8 for k/θin = 0.1. Since the contribution from the 
skin friction drag becomes dominant for small roughness height cases with negligible influence of the 
form drag, the magnitudes of ε/k appear to converge unity with a decrease of roughness height according 
to the definition above. These results are similar to a previous DNS study in turbulent channel flows 
with 2D rod roughness with the variation of the ratio of the cavity pitch to the roughness height (px/k) 
ranging 1.33 ≤ px/k ≤ 20 (Leonardi et al. 2003). They observed that that when the magnitude of px/k is 
less than px/k = 3, the skin-frictional drag-dominated d-type behavior is exhibited because shedding 
vortices behind the roughness does not sweep into the flow between the roughness elements. Similarly, 
the vortex shedding from the elements becomes progressively smaller as the roughness height decreases, 
and the flow is undisturbed by the roughness elements, resulting in a reduction of the form drag. 
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The variations of the boundary layer thickness (δ), the displacement thickness (δ*) and the 
momentum thickness (θ) along the streamwise direction is shown in figure 3. The growth rates of the 
integral quantities for the rough-walls are larger than those for the smooth-wall case. As the value of 
k/θin decreases, the growth rates decrease. Since the growth rates is large for the large roughness, the 
Reynolds number increases significantly within a short streamwise distance. In order to match the 
Reynolds number, the simulations for the smooth- and rough-walls with small roughness heights are 
performed using relatively long streamwise computational domains (see Table 1).The integral quantities 
in the rough-walls become similar to those in the smooth wall as the roughness height decreases. The 
rapid growth rates for the 2D rough-wall TBL relative to those in the 3D rough-wall TBL indicate the 
strong impact on TBLs over the 2D rod rough-walls all values of k/θin.  
3.2 Self-preservation of rough-wall flows 
Because it is difficult to generate realistic turbulent inflow data for a spatially developing TBL with 
surface roughness elements, an abrupt surface step change at a streamwise location from a smooth- to 
a rough-wall is necessary. There is a transitional region after the step change from a smooth- to a rough-




































Figure 3 Variations of (a) the boundary layer thickness (δ/θin), (b) the displacement thickness (δ*/θin) 




which the flow achieves a new equilibrium state through a long downstream domain. Then a self-
preservation form is established. Smalley et al. (2001) suggested conditions for self-preservation in a 
rough-wall TBL; the magnitude of the virtual origin and the friction velocity should be constant along 
the downstream streamwise and the boundary layer thickness should grow linearly along the streamwise 
direction. In addition, Antonia & Luxton (1971) proposed that the mean velocity profiles and the 
intensities of turbulent intensities should approach the self-preserving form along the streamwise 
direction to establish an equilibrium state in turbulent boundary layer. Based on these criteria from the 
earlier studies (Antonia & Luxton 1971; Smalley et al. 2001), we examine the streamwise locations for 
new equilibrium states (xeq/θin) when the magnitude of k/θin in the 2D and 3D rough-wall TBLs varies.  
The variations of the streamwise locations for the new equilibrium states (xeq) with respect to the 
roughness height are shown in figure 4. For simplicity, the detailed process is omitted because all 
procedures used to extract the streamwise locations for xeq are identical to as those in previous studies 
(Lee & Sung 2007; Lee et al. 2011). In figure 4, as roughness height increases for the 2D rod and 3D 
cuboid rough-walls, new fully developed profiles for the rough-wall are established at a location just 
past about 2 ~ 33δo downstream, where δo is inlet boundary layer thickness at a point for the step change. 
This indicates strong dependence of the magnitude of xeq on the roughness geometry and height; the 
streamwise distance required for new fully developed profiles for the rough-walls increases with the 
increase of the impact of the surface roughness. Because a large roughness induce a significant impact 
on TBL due to the strong perturbation in the initial stage of the step change, a long streamwise distance 






















Figure 4 Variations of downstream distances (xeq) from the step change required to achieve new 
equilibrium states, normalized by the inlet momentum thickness (θin) and initial boundary layer 




disturbance due to presence of 2D rod roughness becomes significant near the step change compared to 
that for the 3D cuboid roughness, a sudden increase of the rate of xeq is observed for small k/θin range 
for the 2D rod. On the other hand, the increase in the value of xeq for a large roughness (k/θin ≥ 0.7) is 
similar for the 2D and 3D roughness cases. Contrary to our finding (xeq = 33δo) of 2DK15, the earlier 
studies by Antonia & Luxton (1971) and Krogstad & Nickels (2006) showed that the equilibrium state 
arises at xeq = 20δo to adapt to the new wall condition in TBLs over an instance of 2D rod roughness 
(px/k = 8). Because the roughness elements in their study was imposed on the bottom wall (i.e., cavity-
type roughness), the disturbance of the roughness elements on the TBL near the step change was 
relatively weak. The results for the 2D and 3D rough-walls in figure 4 are similar with a previous 
experimental study by Cheng & Castro (2002a), who showed the roughness effect using cube-type 
roughness staggered with a fixed plan area density (λp = 0.25). When a surface condition in a turbulent 
boundary layer was shifted from a smoother to a rougher surface with the corresponding roughness 
lengths y01 and y02, they reported that the value of xeq became proportional to the ratio of y02/y01. 
3.3 Roughness sublayer 
The presence of surface roughness induces substantial changes in the flow field not only in the near-
wall regions but also in certain layers above the crest of the roughness. This near-wall region is known 
as the roughness sublayer. In a DNS study by Bhaganagar et al. (2004), they defined the extent of the 
roughness sublayer as the point from the wall where the turbulence statistics in a TBL become spatially 
homogeneous. On the other hand, Jiménez (2004) estimated the depth of the roughness sublayer based 
on the wall-similarity between smooth- and rough-walls in the outer layer, and the height of the 
roughness sublayer is about 5k when δ/k ≥ 40. Schultz & Flack (2005) proposed that the equivalent 
sand-grain roughness height, ks is a better representative length scale than the roughness height (k) for 
defining the extent of the roughness sublayer because ks is a general measure of the effects of the 
roughness on the mean flow. Flack et al. (2007) found that the distance from the wall directly affected 
by the roughness is limited to a region of y < 5k or y < 3ks from the wall for the irregular 3D surface 
roughness regardless of the roughness height.  
According to the definition of the roughness sublayer by Bhaganagar et al. (2004), the variation of 
the mean velocity and the Reynolds stress profiles along the streamwise direction for 2DK01, 2DK07 
and 2DK15 is plotted in figure 5. The data are obtained after the equilibrium state is established at a 
similar Reynolds number (Reθ ≈ 1050) and approximate streamwise locations for 2DK01, 2DK03, 
2DK07 and 2DK15 are x/θin = 966, 870 and 342 (i.e., 80th rod, 47th rod and 28th rod). To avoid crowding 
of the data in figure 5, <uʹuʹ>+ and <wʹwʹ>+ are shifted upwards two units and one unit respectively. 
Furthermore, three vertical dashed lines for yʹ = 3ks, 5ks and 5k are depicted to determine the wall-
normal extent of the roughness sublayer. For 2DK01 in figures 5(a) and (b), the deviation of the profiles 
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along the downstream direction becomes negligible for yʹ ≥ 3ks (yʹ/δ ≥ 0.05) (see blue dashed lines). 
Similarly, the depth of the roughness height for 2DK07 is estimated as yʹ = 3ks (yʹ/δ = 0.28) in figures. 
5(c) and (d) since the roughness effect persists over yʹ = 5k (y/δ = 0.14). For 2DK15 in figures 5(e) and 
(f), the entire boundary layer is identified as the roughness sublayer (blue and red lines) when yʹ = 3ks 
(3ks/δ = 1.42) or 5ks (5ks/δ = 2.36) is used to define the depth of the roughness sublayer (Volino et al. 









































































































Figure 5 The mean velocity and Reynolds stresses at locations I-IV, normalized by the local friction 
velocity: black, <uʹuʹ>+; blue, <vʹvʹ>+; red, <wʹwʹ>+; green, <uʹvʹ>+. <uʹuʹ>+ and <wʹwʹ>+ are shifted 
upwards two and one units to avoid crowding respectively. Black dashed line, yʹ = 5k; blue dashed line, 





Table 2 Flow Parameters in Equilibrium States over Rough-walls 
 
as highlighted by black dashed lines. These observations indicate that the outer layer similarity for the 
rod-roughness is achieved when the wall-normal limit of the roughness sublayer is defined as yʹ = 5k 
and yʹ = 3ks for the large (k/θin > 0.7) and small (k/θin ≤ 0.7) roughness respectively. Using irregular 3D 
surface roughness (i.e., sandpaper and mesh), Flack et al. (2007) also reported the depth of the roughness 
sublayer from the wall as yʹ = 5k or yʹ = 3ks. However, because the ratio of ks/k was not significant (less 
than 3) in their study, the depth of the layer directly modified by the roughness (yʹ = 5k or yʹ = 3ks) is 
almost equivalent irrespective of the roughness geometry and size. Although not shown here, similar 
features are found for the 3D cuboid roughness elements.  
3.4 Outer layer similarity between rough and smooth-walls 
Based on the first- and second-order turbulent statistics, the wall-similarity in the outer layer between 
smooth- and rough-walls is examined in this section. The data for the smooth- and rough-walls are 
obtained at a similar Reynolds number (i.e., Reθ ≈ 1050) where the self-preservation is established over 
the TBLs. In addition, it is known that the turbulent statistics within one roughness pitch is spatially 






















980 1050 0.0451 28.5 - - - - - 
2DK01 
966 1050 0.0461 28.3 0.1 1.4 4.3 257 0.74 
2DK03 
870 1053 0.0485 27.6 1.2 4.4 2.5 89 0.62 
2DK07 
570 1050 0.0593 24.9 5.3 12.5 3.3 35 0.53 
2DK15 
342 1062 0.0796 23.6 9.9 35.8 6.6 16 0.49 
3DK01 
1014 1044 0.0458 28.5 0.1 1.4 3.7 285 0.78 
3DK03 
990 1045 0.0466 28.5 0.6 4.2 1.9 96 0.65 
3DK07 
870 1056 0.0499 27.2 2.4 10.5 2.1 39 0.56 
3DK15 
558 1048 0.0646 26.3 7.2 29.1 3.0 16 0.51 
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location II are examined to highlight the effect of the roughness height on the turbulent boundary layer. 
The flow parameters for the flows over the 2D rod and 3D cuboid roughness elements with a similar 
Reynolds number, including roughness height, boundary thickness, the friction velocity and others, are 
summarized in Table 2.  
3.4.1 Mean velocity profiles 
For a turbulent boundary layer with surface roughness, the mean streamwise velocity can be described 
as follows: 
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                        (3.1) 
where κ is the Kármán constant (κ = 0.41), B is an additive constant (B = 5.0) and ΔU+ is the roughness 
function. Figure 6 shows the mean streamwise velocity profiles for the flows over the smooth-wall and 
the 2D and 3D rough-walls. In case of the smooth-wall, the mean streamwise velocity profiles in the 






     
respectively. In the logarithmic region, a downshift of the mean streamwise velocity is evident when 
surface roughness is positioned under the bottom wall. The roughness function, ΔU+, can express the 
extents of these downshifts (e.g., ΔU+ = 9.9 for 2DK15 in figure 6a). The exact values for the flows 
over the 2D and 3D rough-walls are summarized in Table 2. Since the drag increment for the rough-















































Figure 6 (a) Mean streamwise velocity profiles and (b) mean velocity-defect profiles normalized by 
the local friction velocity in TBLs over the smooth and rough-walls. In (a), the roughness function ΔU+ 




surface roughness. It is obvious that the values of roughness function are very small for the small 
roughness heights (i.e., 2DK01, 3DK01, 3DK03). The value of the roughness function increases 
continuously with increasing of the roughness height. Because the total drag of the 3D cuboid is 
relatively weak (figure 2c) compare to the 2D rough-walls, and the value of the roughness function of 
the 3D roughness is small even the roughness height is identical. The profiles of the velocity-defect 
form for the 2D and 3D rough-walls in figure 6(b) show a good agreement in the outer region with that 
for the smooth-wall, indicating that the outer mean flow is less sensitive. 
3.4.2 Reynolds stress profiles 
In figure 7, the profiles of the Reynolds stresses in the outer coordinates are show for the flows over the 
2D rod and 3D cuboid rough-walls. The inner peaks of the streamwise Reynold stress <uʹuʹ>+ downshift 
as k/θin increases for the 2D rod and 3D cuboid rough-walls. This is because the streamwise vortical 
structures in the near-wall layer (e.g., quasi-streamwise vortices and low-speed streaks) are attenuated 
by the presence of the surface roughness. On the other hand, as k/θin increases for the flows over the 2D 
and 3D rough-walls, the near-wall peaks of the wall-normal components in the roughness sublayer (at 
yʹ/δ= 0.15 ~ 0.20) increase. This can be caused by the flow collision by the presence of the surface 


















































Figure 7 Profiles of the Reynolds stresses normalized by the local friction velocity in the outer 




The values of <uʹuʹ>+ and <vʹvʹ>+ in the near-wall region for the 3D rough-walls are smaller than those 
for the 2D rough-walls. However, the magnitude of <wʹwʹ>+ in the near-wall later is greater for the 3D 
rough-walls than for the 2D rough-walls, especially for 3DK15 (blue dashed line). This results suggests 
that although the energy redistribution over the 3D cuboid-roughened wall is not active due to the 
relatively weak blockage effect, the flow running away from the middle of the two adjacent roughness 
elements with the spanwise-offset characteristic interacts with the cuboids and upstream flow, leading 
to the presence of strong spanwise fluctuations. With an increasing value of k/θin (≥ 0.7) (corresponding 
to k/δ ≥ 0.03), a abrupt decrease of the inner peak of spanwise Reynolds stress <wʹwʹ>+ is observed in 
case of the 2D roughness. This is because the velocity component in the streamwise direction tends to 
redistribute to the y-direction rather than z-direction. In addition, as the roughness height increases, new 
peaks for <vʹvʹ>+, <wʹwʹ>+ and <uʹvʹ>+ are observed along the lip of the cavity (yʹ+ = 30 ~ 40 or yʹ/δ = 
0.05 ~ 0.1) (especially for 2DK15). These new peaks is expected because the local decrease of the 
turbulent activity slightly above the cavity lip in the roughness valley (location II) highlights the near-
wall strength of the Reynolds stresses compared to that near the trailing and leading edges (Lee et al. 
2009).  
Clearly, as k/θin increases over the 2D rod and 3D cuboid rough-wall flows, the values of the 
Reynolds stress increases in the outer region. If we assume that wall-similarity in the outer region is 
achieved when the deviation of the Reynolds stresses between the rough- and smooth-walls is less than 
5%, the wall-similarity in the outer layer in the outer region between the flows over rough- and smooth-
walls is established with the sufficiently small roughness. In particular, the deviation for 2DK01, 3DK01 
and 3DK03 compared to the data obtained from the profiles of smooth-wall is approximately 2% at yʹ/δ 
= 0.5, where the maximum deviation in the Reynolds stresses between the rough- and smooth-walls is 
found. On the other hand, the difference is estimated to be approximately 6 ~ 22% for the other rough-
wall cases. The continuous increment of the Reynolds stresses in the outer region with increasing of the 
value of k/θin is consistent with a previous finding by Ligrani & Moffat (1986) in turbulent boundary 
layers with uniform sphere roughness ranging of 21 ≤ k+ ≤ 63.  
3.4.3 Quadrant analysis  
In order to examine the modification of turbulent motions regarding on the contributions of turbulent 
events to the total production (or destruction) of the Reynolds shear stress, a quadrant analysis is 
conducted (Lu & Willmarth 1973). The quadrant analysis allows the classification of flow events into 
four quadrants of planes composed of u′ and v′. In figure 8, the profiles of each quadrant Reynolds shear 
stress in the outer coordinates for smooth- and rough-walls are shown. Since the second-quadrant (Q2) 
and fourth-quadrant (Q4) stresses make dominant contribution to the generation of <u′v′>, only second- 
and fourth-quadrant Reynolds shear stress profiles are plotted in figure 8. In case of the smooth-wall, 
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the motion of ejection mostly contribute to the Reynolds shear stress in the outer region compared to 
the motion of sweep, because the spanwise-oriented vortical motions are dominant in this region. In 
case of the rough-wall in a TBL with 2D rod and 3D cube roughness, as k/θin increases, the Q2 ejection 
and Q4 sweep events enhance in the outer region. The deviation in the Q2 ejection and Q4 sweep events 
between the rough- and smooth-walls is less than about 1 ~ 4% for 2DK01, 3DK01 and 3DK03 but not 
for the remaining cases (15 ~ 23%), consistent with results from the profiles of the Reynolds stress 
(figure 7). 
It is known that the effects of the roughness in the outer region for the flows over 2D rod and 3D 
cube roughness is directly associated with the spacing of the surface roughness (px/θin or pz/θin) (Lee et 
al. 2012; Ahn et al. 2013; Nadeem et al. 2015). In a DNS study by Lee et al. (2012), they explored the 
influence of the streamwise spacing (px/θin) for the flows over the rod and cube roughness elements both 
in the inner and outer layer. As the streamwise spacing varied ranging of px/k = 2 ~ 10, the value of the 
Reynolds stresses in the outer region have was proportional to px/k. In comparison, for the 2D rod and 
3D cube roughened wall, the wall-friction parameters (e.g., Pd, Uτ and ΔU+) yielded local maxima at 
specific values of px/k = 8 and 4, respectively. It is worthy to note that the spanwise pitch for the cube 
roughness elements was fixed in their study (pz/k = 2). In addition, based on systematic variations of 
cube roughness (px/k = 3) with respect to the spanwise pitch in the range of pz/k = 2 ~ 6, a subsequent 
study of Ahn et al. (2013) showed that although the maximum contributions to the roughness function 
and form drag appear at a specific roughness density (i.e., λp  0.12), the value of the Reynolds stress 
in the outer layer is proportional to the magnitude of px/k for the 2D rod and 3D cube rough-wall cases. 
Contrary to earlier studies in which the tendency of the wall-friction parameters varies from the 
Reynolds stress tendency in the outer region, the variations of the Reynolds stress and the wall-friction 





































Figure 8 Profiles of the Reynolds shear stresses from each quadrant normalized by the local friction 




Therefore, the influence of the 2D and 3D roughness elements on the inner and outer layer is 
significantly determined by the height of the surface roughness, and the outer-similarity is achieved for 
k/θin ≤ 0.1 (δ/k ≥ 250) for the two-dimensional rod roughness and for k/θin ≤ 0.3 (δ/k ≥ 100) for the three-
dimensional cuboid roughness. However, it is worthy to note that since the Re employed here is low, 
further experiments or simulations that explore the effect of the roughness height on turbulent boundary 
layers over various roughness configuration at high Re are required to clarify the wall-similarity in the 
outer region more clearly in the future study. 
3.4.4 Parameterization of ΔU+ for the prediction of outer layer similarity  
In general, the surface roughness appears in various sizes and shapes. It is useful to determine a 
parameter that can represent the ‘strength’ of roughness. Here, the magnitude of ΔU+ has been adopted 
as a possible candidate in order to measure the momentum deficit induced by surface roughness in the 
outer layer (Nikuradse 1933; Schlichting 1937; Flack & Schultz 2014). Given that the roughness height 
plays an important role in the overlap region as opposed to the viscous length scale, the mean velocity 







,                          (3.2) 
where Br is an additive constant for the case of a rough wall. Eqs. (3.1) and (3.2) are rearranged to derive 
the roughness function in the overlap region,  
1
ln rU k B B

    
.                        (3.3) 
Various data (including our data) obtained from the geometrically different rough-walls are plotted 
together in figure 9(a) to reveal the relationship between the roughness function and the roughness 
height (k+) (Nikuradse 1933; Schultz & Flack 2005; Flack et al. 2007; Schultz & Flack 2009). Although 
the variation of ΔU+ with respect to k+ shows a log-linear profile for a high roughness height for each 
case, the overall data are scattered with some offsets in the plot.  
As a remedy, the equivalent sand-grain roughness height (ks) can be utilized to yield the best 
collapse of the roughness function regardless of the roughness configuration (Nikuradse 1933; 
Schlichting 1937; Jiménez 2004). To realize this, Eq. (3.3) is reformulated by the equivalent sand-grain 
roughness height, 
1
ln s sandU k B B

    
,                      (3.4) 
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where Bsand is an additive constant related to the sand-grain roughness type. Using Eqs. (3.3) and (3.4), 
the ratio between the equivalent sand-grain roughness height and roughness height is determined by  
/ exp[ ( )]s sand rk k B B
   
.                    (3.5) 
To obtain an independent value of ks with which to plot figure 9(b), Bsand and Br in Eq. (3.5) should 
be computed. In figure 10(a), the values of Bsand as a function of ks+ measured by Nikuradse (1933) are 
denoted by the black circles. The experimental data vary monotonically with an increase of ks+. Based 
on the curve of Bsand, Nikuradse (1933) classified roughness types into three regimes (black vertical 
dashed lines): hydraulically smooth, transitionally rough and fully rough. When ks+ is very small (ks+ ≤ 
5, hydraulically smooth), all perturbations generated by the roughness elements are completely 
attenuated by the fluid viscosity, and the roughness elements have a negligible effect on the viscous 
sublayer. As a result, Bsand grows almost linearly with respect to ks+. When ks+ is large (ks+ ≥ 70, fully 
rough), the viscous drag is negligible compared to the form drag induced by the roughness element, and 
Bsand has a constant value along with ks+. In this regime, the skin friction coefficient is independent of 
the Reynolds number. The intermediate regime where the near-wall characteristics are influenced by 
both the pressure and viscous drag are referred to as transitionally rough (5 < ks+ < 70).  
In figure 10(b), the estimated values of Br using Eq. (3.3) are plotted for geometrically different 
rough surfaces (including our data). The values of Br clearly show strong dependence on the roughness 
geometry, especially for a large k+, and this effect leads to the scattering profiles for the various rough-
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Figure 9 Variation of the roughness function (ΔU+) as a function of (a) k+ and (b) ks+. Red lines in (b) 
show line fits to the data: red solid line (ΔU+ = 1/κ ln ks+ + B - 8.5), fully-rough; red dashed line (ΔU+ 
= -1.116 + 0.228ks+ - 0.002ks+2), hydraulically smooth to transitionally rough. Furthermore, vertical 
dashed lines indicate boundaries between hydraulic-smooth and transitional-rough (i.e., ks+ = 5) and 




an increase of k+. For a small k+ (i.e., hydraulically smooth), the values of Br increase almost linearly in 
the range of k+ ≤ 4 for a 2D rough-wall and k+ ≤ 5 for a 3D rough-wall. After inflectional behavior, the 
values of Br in the range of k+ ≥ 19 and k+ ≥ 26 (i.e., fully rough) approach constant values of 4.0 and 
5.7 for the 2D rod and 3D cuboid roughness, respectively, similar to the behavior of Bsand in figure 10(a) 
The boundaries of the roughness type are plotted in figure 10(b) with red and blue dashed lines for the 
rod and cuboid cases, respectively. Because the critical values of k+ for the flow regime for the 2D and 
3D roughness are determined by Nikuradse’s criterion (i.e., ks+ = 5 and 70), there is a discrepancy 
according to the roughness configuration in the present study. The boundaries observed in figure 10(b) 
are inconsistent with those in an earlier experimental result by Bandyopadhyay (1987), who found that 
a TBL flow with k+ > 10 over a rod-roughened wall is assumed to be a fully rough regime. Because the 
roughness configuration in their study used values of px/k = 3.8 and w/k = 0.75, the critical value of the 
roughness height for the fully rough regime was decreased by the relatively strong impact of the surface 
geometry.  
Using the data of Br and Bsand in figure 10, the equivalent sand-grain roughness height (ks+) is 
computed based on Eq. (3.5). Because the values of Br and Bsand are characterized by constant values 
for the fully rough regime in figure 10, the equivalent sand-grain roughness height can be determined 
by a linear relationship based on Eq. (3.5), which corresponds to ks+ = 6.3 × k+ for the 2D rod and ks+ = 
3.0 × k+ for the 3D cuboid. This magnitude for the 2D rough wall is similar to that in a previous 
experimental study in a turbulent boundary layer over 2D rod rough-wall by Krogstad & Antonia (1999), 
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Figure 10 Variations of (a) Bsand as a function of ks+ and (b) Br as a function of k+. In (a), vertical dashed 
lines indicate boundaries between hydraulic-smooth and transitional-rough and between transitional-
rough and fully rough cases (Nikuradse 1933), and the red solid line shows the fit to the data by 
minimizing the mean square error. In (b), vertical dashed lines indicate the boundaries between 
hydraulic-smooth and transitional-rough and between transitional-rough and fully rough cases for 2D 




for the 3D rough-wall suggests that the 2D rod roughness has twice as strong an impact for the fully 
rough regime compared to the 3D cuboid roughness under the present roughness configuration.   
After the magnitude of ks+ is determined for all flow types using Eq. (3.5), the roughness function 
as a function of ks+ is estimated, as shown in figure 9(b). The present data are in good agreement with 
Nikuradse’s fit (black sold line) from a hydraulically smooth regime to a fully rough regime. The 
roughness function for ks+ ≥ 70 (fully rough regime) clearly shows a log-linear relationship (red solid 
line, 
1
ln 8.5sU k B

     ), consistent with previous studies for various roughness types in a fully 
rough regime, e.g., sandpaper, packed spheres and uniform sand (Colebrook 1939; Ligrani & Moffat 
1986; Schultz & Flack 2007). As the value of ks+ decreases (ks+ < 70), the roughness function for the 
rod and cuboid roughness is well expressed by 
21.116 0.228 0.002s sU k k
        (red dashed 
line) without a distinction between hydraulic-smooth and transitional-rough regimes. Based on the 
boundaries for the flow regimes in figure 9(b), it is clear that wall-similarity in the outer layer for the 
2D and 3D roughness is established near the lower limit of the transitionally rough regime (i.e., ks+  
11), and the corresponding range of ΔU+ for the establishment of wall-similarity is ΔU+ < 1.2. Although 
the transitionally rough regime in figure 9(b) is consistent with a previous experimental observation 
(i.e., 5 < ks+ < 70) by Nikuradse (1933) for a TBL with sand-grain roughness, Shockling et al. (2006) 
and Schultz & Flack (2007) presented that a transitionally rough regime spans 2.5 < ks+ < 30 for a honed 
pipe type of roughness. The discrepancy of the flow boundaries is most likely due to the inconsistent 
methods used to determine the equivalent sand-grain roughness height. Shockling et al. (2006) reported 
that the equivalent sand-grain roughness height of the surface element is simply determined by ks 3k. 
However, as described in figure 10(b), the values of Br in the range of k+ < 3 considered in their study 
should be characterized by an inflectional profile due to exponential behavior (Eq. 3.5). 
Another method to evaluate the magnitude of ΔU+ is found through the wall-normal fluctuation on 
the crests of the surface roughness (vw+) suggested by Orlandi et al. (2006) and Orlandi & Leonardi 
(2008). They reported that the value of ΔU+ is linked to the value of vw+ for the various configuration of 
surface roughness (e.g., triangular, circular, square rod roughness and aligned, wedged and staggered 
cuboid roughness). In order to provide a new universal parameterization through the magnitude of vw+ 
with respect to the roughness height, the variation of vw+ with respective to ks
+ is plotted in figure 11(a). 
As ks+ increases, the value of vw+ increases for the flows over 2D and 3D roughness elements. 
Particularly, due to the small ratio of ks/k for the 3D cuboid roughness, the value of vw+ increases rapidly 
for the 3D rough-wall in the transitional-rough regime compare to that for the 2D rough-wall. However, 
in the fully rough regime, the growth rate of vw+ as a function of ks
+ is very similar regardless of the 
dimension of the surface roughness. As depicted by the red dashed line in figure 11(a), it is found that 
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the effects of the roughness exist in the outer region, while in the range of vw+ < 0.11, weak interaction 
between the inner and outer layers is found for 2D and 3D rough-walls. The strong correlation between 
the Reynolds stress and the vw+ in the outer region with a critical value indicates that the value of vw+ is 
a proper parameter for the estimation of wall-similarity in the outer layer for flow over square-edged 
rough-walls. However, due to the fact that a critical value is sensitive to the roughness configuration 
(e.g., px and pz), a more thorough analysis is necessary to estimate a universal parameterization of vw+ 
with respective of the roughness configuration.   
The variation of roughness function with respective of vw+ with various data obtained from 
geometrically different rough-walls is shown in figure 11(b). Orlandi et al. (2006) and Orlandi & 
Leonardi (2008) suggested the linkage of the roughness function and vw+ as ΔU
+ = B/κ vw
+, where B = 
5.5 for turbulent channel flows for various configurations of 2D and 3D surface roughness. Similar to 
earlier observations depicted by the black symbols, as the roughness heights increase, our results for 
2D rod rough-walls show that there is a linear relationship between ΔU+ and vw+ (blue open circle). 
Since the magnitude of ΔU+ for the establishment of wall-similarity in the outer layer is estimated to 
ΔU+ < 1.2 in figure 9, the corresponding value of vw+ for wall-similarity based on the linear relationship 
is vw+  0.1 when B = 5.0, consistent with that obtained in figure 11(a). In comparison, considerable 
deviations in the data for the flows over the 3D cuboid rough-walls in figure 11(b) are observed 
throughout the entire range (blue closed circles). Although ΔU+ and vw+ increases monotonically with 
an increase of roughness height for the 3D rough-wall (figure 9b and 11a), the growth rate of ∆U+ is 

























Leonardi et al. (2003)
Orlandi et al. (2006)
Burattini et al. (2008)
Orlandi&Leonardi (2008)
Leonardi & Castro (2010)
Lee et al. (2012)
Ahn et al. (2013)
(a) (b)
Figure 11 Variations of (a) the wall-normal fluctuations at the plane of the roughness crests (vw+) as a 
function of ks+ and (b) the roughness function (∆U+) as a function of vw+. In (a), the red horizontal dashed 
line indicates a critical value for the establishment of wall-similarity in the outer layer. In (b), solid line, 
∆U+ = B/κ vw+ (B = 5.0); dashed line, ∆U+ = B/κ vw+ (B = 5.5). Open and closed symbols indicate the 




elements. For example, although the magnitudes of vw+ for the 2D rod and 3D cuboid roughness are 
similar for each ratio of the roughness height, when k/θin increases from k/θin = 0.3 to k/θin = 1.5, the 
increase of ΔU+ is 523% for the 2D rough-wall and 493% for the 3D rough-walls (figure 11a). Lee et 
al. (2012) (red closed circle), Leonardi & Castro (2010) (red closed rectangle) and Ahn et al. (2013) 
(red closed triangle) reported similar failures for the prediction of ∆U+ with respect to vw+ in turbulent 
boundary layers over 3D surface roughness distributions. Although the vw+ decreased monotonically 
with increasing the plan area density of the surface roughness, the magnitude of ΔU+ had a local maxima 
at λp 0.12 in their studies. However, it is noteworthy that for the three-dimensional roughness arrays 
employed in earlier finding by Cheng & Castro (2002b) and Orlandi & Leonardi (2008), the data did 
not significantly deviate from the linear relationship because they only considered high roughness 




4. Coherent structures 
Previous observations of the turbulent wall-bounded flows (e.g., channel, pipe and boundary layer) for 
the smooth-walls observed the organization of coherent structures, and these vortical structures tend to 
align coherently to form low- and high-streaky patterns, corresponding to large-scale motions (LSMs) 
with streamwise lengths of 1 ~ 3δ and very-large-scale motions (VLSMs) with streamwise extents 
greater than 3δ (Head & Bandyopadhyay 1981; Adrian et al. 2000; Christensen & Adrian 2001; 
Ganapathisubramani et al. 2003; Hutchins & Marusic 2007; Lee & Sung 2011; Baltzer et al. 2013; Lee 
et al. 2019). In an experimental study, Ganapathisubramani et al. (2003) found that large-scale uʹ-streaky 
structures contribute to a large fraction of the total mean Reynolds shear stress, although they occupy 
less than 4.5% of the total area. Furthermore, in a turbulent pipe flow study, Wu et al. (2012) found that 
VLSMs with wavelengths greater than 3R contribute more than 30% of the Reynolds shear stress and 
more than 40% of the streamwise turbulent energy. In this section, in order to determine the origin of 
the active turbulent motions in the outer layer with increasing the roughness height. The modifications 
of the turbulent coherent structures in the outer layer are examined.   
Since the vortical structures in raw flow fields appears in very complex topology with multi-scales 
and various strength, it is useful to extract the characteristic lines pertaining to these coherent structures. 
The extraction is helpful to identify the spatial organizations of coherent structures. In the present study, 
the characteristic lines of uʹ-structures are extracted based on the streak detection algorithm by Lee et 
al. (2014). The algorithm is briefly explained below.  
Step 1: The instantaneous flow field is filtered using a two-dimensional Gaussian filter on the cross-
stream plane to attenuate the small-scale features of uʹ. In order to divide a negative structure from 
adjacent negative structures, the half-width of the spanwise two-point spatial correlation coefficient 
(Ruʹuʹ) with a contour level of Ruʹuʹ = 0.15 is used to the estimation of the standard deviation of the 
Gaussian filter along the wall-normal direction. 
Step 2: In order to separate large-scale structures from small-scale structures, a long-wavelength-
pass filter is employed to the Gaussian-filtered flow fields with a cutoff wavelength of λz/δ = 0.5 (Basley 
et al. 2019).  
Step 3: A characteristic line is determined from each negative uʹ-structures in the filtered flow fields 
using local minima of ∂uʹ/∂z = 0 and uʹ < −uth, where uth is the threshold level of detection. The 
magnitude of uth to identify the low-momentum regions is carefully chosen to be 10% of the free-stream 
velocity.  
The instantaneous flow fields of the δ-scaled uʹ-structures on the xz-plane at yʹ/δ = 0.2 is shown in 
figure 12. The data is chosen within the equilibrium region at approximately Reθ = 1050. Only case of 
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k/θin = 1.5 is plotted as a representative case here for the 2D rod and 3D cuboid roughness. Based on 
the streak identification algorithm, the characteristic lines of the u′-structures as depicted by grey lines 
are superimposed onto the instantaneous flow fields. In case of the smooth-wall in figure 12(a), the 
negative u′-streaks are aligned along the downstream direction, and these structures are flanked with 
the positive u′-streaks (yellow contour) in the spanwise direction. The streamwise length of the negative 
u′-structure is about 1 ~ 2δ with characteristic spanwise widths close to 0.2 ~ 0.3δ, forming large-scale 
structures. These spatial features of the negative u′-structures for the smooth-wall are highly consistent 
with earlier studies of such TBLs for the smooth-wall flows (Tomkins & Adrian 2003; Wu & 
Christensen 2010). For the flows over the 2D rod and 3D cuboid rough-walls in figures 12(b) and (c), 
the negative uʹ-streaks appears similar patterns to the patterns of the uʹ-streaks over the smooth-wall 
TBL. In contrary, the streamwise extent of the negative structures appears to be much longer with a 
wider spanwise width than that of the smooth-wall flow. In particular, a very-large-scale streaky pattern 
is shown with a characteristic length of approximately ~9δ and a width of approximately 0.3 ~ 0.5δ for 
the 2D rod rough-wall. Despite of the fact that very long patterns are also found for the smooth-wall 
flow, the population of these streaky patterns is relatively low than the case of rough-walls. These results 
suggest that a large population of long streak patterns with high energy leads the increase of the 
Reynolds stresses in the outer layer, consistent with earlier studies based on energy spectrum (Nadeem 
et al. 2015; Lee et al. 2016). The spatial features of the u′-streaks over the rough-wall flow resemble 
Figure 12 Instantaneous flow fields of the δ-scaled uʹ-structures (uʹ/U∞) on the xz-plane at yʹ/δ = 0.2: 
(a) smooth, (b) 2DK15 and (c) 3DK15. Grey lines indicate negative characteristic lines. Black lines 




VLSM in smooth-wall turbulent pipe flows (Baltzer et al. 2013; Lee et al. 2019) and the ‘superstructures’ 
observed in a smooth-wall TBL flow (Hutchins & Marusic 2007). In spite of the fact that the streamwise 
coherence of the negative u′-streaks increases in the TBLs over the 2D and 3D rough-walls in figure 12 
(Volino et al. 2011; Lee et al. 2016), it has often been reported a reduction of the streamwise length 
scale of the coherent structures in the TBLs over the irregular 3D roughness, e.g., an actual turbine 
blade and mesh-type roughness, because flow structures are broken to streamwise scales approximate 
the roughness size (Volino et al. 2007; Wu & Christensen 2010).  
If the spatial features are commonly found in the instantaneous flow fields, it must leave an imprint 
on the statistics sense. In the present study, the two-point correlation of the streamwise velocity 
fluctuations (Ruʹuʹ) is considered. The two-point spatial correlation coefficients of the streamwise 
fluctuating velocity in turbulent boundary layers over 2D and 3D rough-walls are defined as follows:  
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where subscript ‘ref’ indicate the reference location for each direction, and u
   is the root mean square 
of streamwise velocity fluctuation. The definition of the two-point spatial correlation coefficient is 
identical to that in Eq. (4.1) in case of flow over the smooth-wall. The contours of the correlations of 
the streamwise velocity fluctuation on the xz-plane is shown in figure 13. The wall-normal location of 
yʹref/δ = 0.2 is chosen as the reference location for 2D rod and 3D cuboid roughness, and the streamwise 
Figure 13 Streamwise two-point correlation Ru'u' on the xz-plane at y'ref/δ =0.2: (a) smooth, (b) 2DK15 
and (c) 3DK15. The solid line indicates a low contour level of Ru'u' = 0.1. The axis is not scaled. In (c), 




reference location is the center of the roughness valley at approximately Reθ = 1050. In case of the flows 
over 3D cuboid roughness, the spanwise reference location is the center between two adjacent roughness 
elements in the streamwise direction (location II). In order to show the predominance of structures with 
large-scales towards one or the other direction, the symmetric condition in the spanwise direction 
because of the spanwise homogeneous feature is not employed in the contours for the smooth and rod-
roughened walls. Since the overall correlation pattern with low- or intermediate-level contours (for 
example, Ruʹuʹ = 0.1 or 0.3) can be interpreted as imprints of long u′-streaky patterns, a correlation level 
of 0.1 with a streamwise length of approximately 4-5δ (black solid line) is highlighted. In figures 12(b) 
and (c), it is clear that the streamwise extents of the contours (Ruʹuʹ = 0.1) for the 2D and 3D roughness 
cases becomes longer 28% and 9% than that for the smooth-wall. In addition, the spanwise length scale 
of the contours Ruʹuʹ = 0.1 is wider by approximately 21% and 18% compared to that for the smooth-
wall. Figure 14 shows quantitative variation of the streamwise and spanwise length scales of the 
correlations as a function of k/δ for the 2D and 3D rough walls, aside from the correlation patterns for 
2DK15 in figure 13. Based on the correlation of Ruʹuʹ > 0.1, the streamwise and spanwise length scales 
are estimated here, and the reference location is identical to that in figure 13. As the roughness height 
increase for the 2D and 3D rough-walls, the streamwise and spanwise coherence of the u′-structures 
increases. When the identical roughness height is imposed, the scales of the u′-structure are generally 
large for the 2D rod rough-wall compared to that for the 3D cuboid rough-wall. Although not shown 
here, the population trends of the u′-streaks exhibit that large populations of wider and longer coherent 
structures as the roughness height increases for the 2D and 3D rough-walls attribute to the formation of 
the spatial correlation contours (Lee et al. 2016).  
However, there remains a question of how long structures are frequently created over rough-walls. 
The time evolution of the instantaneous flow fields are explored in detail to address this question 














0 0.02 0.04 0.06
2
2.5
Figure 14 Variations of the characteristic (a) streamwise length scale (lx) and (b) spanwise length scale 




small scales organize coherently to create larger scales, as suggested by the previous studies (Kim & 
Adrian 1999; Tomkins & Adrian 2003). In order to present how a very long u′-streaks is generated, the 
time-evolving instantaneous flow field is shown. Only the 2D rod roughened-wall with k/θin = 1.5 is 
plotted as a representative case (shown in figure 12b), and an identical process is found for the smooth- 
and the 3D cuboid-roughened walls. At t = tref − 2∆t in figure 15(a), there are four adjacent streaks 
(labeled as A, B, C and D) located at −5 < x/δ < 5 and 0 < z/δ < 1 with streamwise extents of 
approximately 2-3δ (i.e., LSMs). For the ‘A’ and ‘B’ structures, the downstream and upstream portions 
of the negative structures are overlapped in the downstream direction, although there is spanwise 
separation between them. These two structures evolve slowly over time, moving with similar 
convection velocities along the streamwise direction, and there occurs significant spanwise interaction 
between them, resulting in a streamwise-aligned longer negative u′-structure (A1) with a length of 5δ. 
In addition to the spanwise merging event at x/δ = −2.5, an another spanwise merging event (marked 
‘A2’) between the ‘C’ and ‘D’ structures located at 0 < x/δ < 4 is observed, indicating the persistence of 
the spanwise merging event between the LSMs to increase the streamwise scale of the structure.  
Figure 15 Time evolution of the instantaneous flow fields for the δ-scaled uʹ-structures for 2DK15 on 
the xz-plane at yʹ/δ = 0.2: (a) t = tref − 2∆t, (b) t = tref − ∆t and (c) t = tref. Here, the time interval is 
∆tU∞/θin = 32. The labels ‘A’, ‘B’, ‘C’ and ‘D’ indicate the large-scale uʹ-structures (~2-3δ). The label 
‘A1’ with a dashed circle indicates a spanwise merged uʹ-structure between ‘A’ and ‘B’. The label ‘B1’ 
with a dashed rectangle indicates a streamwise merged uʹ-structure between ‘A1’ and ‘C’. The label 
‘A2’ with a dashed circle indicates a spanwise merged uʹ-structure between ‘C’ and ‘D’. Grey lines 




It is should be noted that the spanwise merging process should not be confused with the streamwise 
concatenation process between LSMs in wall-bounded turbulent flows, which also creates longer 
sequences of VLSMs (Lee & Sung 2011; Lee et al. 2014; Lee et al. 2019). An example of a streamwise 
merging event between LSMs is shown in figure 15, as highlighted by the dashed rectangle (denoted 
by ‘B1’). For the streamwise concatenation process, two adjacent LSMs (i.e., ‘B’ and ‘C’) are proximal 
in the downstream direction (without an overlapped region in the spanwise direction) to form a merging 
event due to the different convection velocities between the ‘B’ and ‘C’ structures (Lee et al. 2014). 
Although a detailed description of the streamwise merging process to form a VLSM is not given here 
for simplicity, the overall process as observed in the present study is very similar to that from our 
previous studies in smooth-wall TBL and channel/pipe flows (Lee & Sung 2011; Lee et al. 2014; Lee 
et al. 2019). The streamwise concatenation process is associated with two kinematics of the stretching 
and shearing of LSMs (Lee et al. 2019), whereas the spanwise merging between LSMs is mainly a 
simple piecing together (although interactions between the inner vortices of the merging LSMs may, 
and most likely do occur.). Lee et al. (2016) reported that as the spanwise interaction of LSMs occurs 
at a streamwise position, the inner vortices with opposite swirls based on the hairpin vortex model are 
annihilated, with only the larger outer vortices eventually surviving (Tomkins & Adrian 2003). As 
described above, the spanwise length scale of structures over rough-walls increases with an increase of 
the roughness height due to large-scale turbulent motions generated by infinite (or finite) widths of the 
present roughness (Volino et al. 2009), and the increased width of the structures can lead to frequent 
spanwise merging between the LSMs to form VLSMs. Although spanwise merging events occur 
frequently between adjacent LSMs, this process is also expected to occur between small-scale motions. 
However, because the spanwise length scale of the small-scale motions is relatively small, the spanwise 
merging between LSMs is the primary contributor of the formation of VLSMs.  
In order to evaluate the frequency of spanwise merging events with an increase of the roughness 
height for the 2D rod and 3D cuboid in a statistical sense, the streak-merging events are counted using 
instantaneous snapshots. The inset in figure 16 shows a schematic to explain the streak-merging 
detection method. Because the merging event is central when describing the time-dependent scale 
change, we initially identify significant streamwise scale growth with an interval of ∆ttrack. When scale 
growth at the present time step (tref) is observed regardless of the merging type, the streaks at the 
previous time step (tref − ∆ttrack) are traced to determine if the event between LSMs is created by the 
streamwise or spanwise merging process. By tracking all streaks at each snapshot, the spanwise merging 
events for smooth and rough-walls with an increase of the roughness height are estimated. Figure 16 
shows the variation of the streak-merging frequency (ρm) with respect to the value of k/δ. Here, ρm is 
defined as the average number of streak spanwise merging events per unit of span. It is clear that the 
LSMs tend to merge in the spanwise direction to form VLSMs as the value of k/δ increases, consistent 
with our observation from the instantaneous analysis. It should be noted that although the streak-
30 
  
merging frequency increases slightly with an increase of the boundary layer thickness along the 
streamwise direction for each case, the trend of the streak-merging frequency in variation with respect 
to the roughness height was not changed significantly. In addition, the frequency of the occurrence of 
streamwise merging events was not sensitive to the variation of the roughness height, implying that the 
streamwise concatenation process is not affected by the surface roughness.  
The wavering feature of the characteristic line is identified using a similar approach devised by 
Kevin et al. (2019) in figure 17. In a DNS study of the turbulent pipe flow over a smooth-wall, Baltzer 
et al. (2013) reported that apparent meandering of VLSM is induced as a consequence of spanwise-
offset LSMs when the LSMs are merged by a streamwise concatenation process. If a VLSM is created 
due to the spanwise merging as described above, the wavering will also be enhanced by the spanwise-
offset LSMs in rough-wall TBL flows. In order to estimate the wavering (or meandering) feature, we 
quantify the ‘waviness’ of the characteristic lines and employ it as a metric (Kevin et al. 2019). The 
instantaneous flow field (shown in figure 12a) of the δ-scaled uʹ-structures on the xz-plane in a smooth-
wall TBL flow is shown in figure 17(a). In the figure, the black dashed line plotted over each 
characteristic line indicates the corresponding linear fit according to the least-squares method. 
Accordingly, we treat these lines as projected fluctuation signals z͂ about the fitted line (see the inset in 
figure 17a with the coordinate system) and compute the root mean square of these signals. Here, only 
long characteristic lines (≥ 1δ) are utilized for the measurement because LSMs are found to scale on the 
boundary layer thickness with average dimensions greater 1δ (Wu et al. 2012). In figure 17(b), it is clear 
that the meandering behavior (z͂rms) of the negative uʹ-structures increases with an increase of k/δ for the 
Figure 16 Variations of the streak-merging frequency (ρm) at yʹ/δ = 0.2 with an increase of k/δ. In the 
inset, schematic of the streak-merging process on the xz-plane is shown. Here, the time interval is 




2D and 3D roughness cases. These results indicate that the large-scale turbulence becomes increasingly 
wavy with an increase of k/δ due to the active spanwise merging events between the spanwise-offset 
LSMs. The increased meandering magnitude for the 2D rod roughness compared to the 3D cuboid 
roughness is mostly attributed to the infinite width of the surface roughness. 
  
Figure 17 (a) Instantaneous flow field of the δ-scaled uʹ-structures on the xz-plane in the smooth-wall 
TBL flow and (b) the root mean square (z͂rms) of the meandering motion with an increase of k/δ at yʹ/δ = 
0.2. In (a), dashed lines indicate the linear fit of each characteristic line. In the inset, x͂ and z͂ are 





5. Summary and conclusion 
In the present study, we undertook DNSs of spatially developing TBLs over 2D rod-roughened walls 
and 3D cuboid-roughened walls to investigate the effects of the roughness height (13 ≤ δ/k ≤ 250) on 
the turbulence statistics and coherent structures. Our inspection of the flow parameters of the skin 
frictional drag, form drag, friction velocity and virtual origin showed that these quantities are strongly 
dependent on k/θin. Compared to the smooth-wall case, the growth rates of the boundary layer 
parameters (i.e., δ, δ* and θ) increased, and the 2D rod cases showed greater effects on the flows 
compared to those in the 3D cuboid cases for all values of k/θin. As the impact of the surface roughness 
increased with an increase of k/θin, the downstream distance required for a new equilibrium state 
increased due to the relatively strong flow disturbance near the step change. The roughness function 
(∆U+) extracted from the mean velocity profiles in the equilibrium state increased continuously with an 
increase of k/θin for the 2D rod and 3D cuboid roughness, with similar behavior observed in the 
magnitude of the Reynolds stresses in the outer region. For square-edged roughness, wall-similarity in 
the outer layer was achieved when the roughness type was classified into the hydraulically smooth 
regime, and the critical roughness height for outer layer wall-similarity compared to the boundary layer 
thickness was δ/k = 250 for the 2D rod and δ/k = 100 for the 3D cuboid. To predict the occurrence of 
outer layer similarity, the roughness function (∆U+ ≤ 1.2) was parameterized by ks+ (ks+ ≤ 11) and vw+ 
(vw+ ≤ 0.11) by simple corresponding relationships. Contrary to previous observations in which the 
tendency of the wall-friction parameters differs from that of the Reynolds stresses in the outer layer 
when varying the streamwise and spanwise pitches between the roughness elements (Lee et al. 2012; 
Ahn et al. 2013), our results showed that the variations of the wall-friction parameters and the outer 
layer Reynolds stresses are similar with an increase of the roughness height, suggesting a strong 
influence of the roughness height on both the near-wall region and in the outer region. The increase of 
the Reynolds stresses in the outer layer with an increase of the roughness height was explained by a 
large population of long uʹ-structures with high energy over rough-wall flows. Because the spanwise 
length scale of structures over the rough-walls increased continuously with an increase of the roughness 
height for the 2D and 3D roughness cases, the increased width of the uʹ-structures led to frequent 
spanwise merging events between adjacent LSMs to form VLSMs. The active spanwise merging events 
between the spanwise-offset LSMs increased the appearance of meandering significantly as the value 
of k/δ increased. Finally, we emphasize that the results in the present study might be affected by 
roughness type and array, e.g., 3D roughness with a large variety of roughness sizes, and hence 
numerical and experimental studies in future might be able to assess a critical roughness height for the 
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